n-type Ge/SiGe asymmetric-coupled quantum wells represent the building block of a variety of nanoscale quantum devices, including recently proposed designs for a silicon-based THz quantum cascade laser. In this paper, we combine structural and spectroscopic experiments on 20module superstructures, each featuring two Ge wells coupled through a Ge-rich tunnel barrier, as a function of the geometry parameters of the design and the P dopant concentration. Through the comparison of THz spectroscopic data with numerical calculations of intersubband optical absorption resonances, we demonstrated that it is possible to tune by design the energy and the spatial overlap of quantum confined subbands in the conduction band of the heterostructures. The high structural/interface quality of the samples and the control achieved on subband hybridization are the promising starting point towards a working electrically pumped light-emitting device.
Introduction
Semiconductor multi-quantum wells (MQWs) represent the perfect playroom for nanoscale scientists to devise novel technologies and device architectures using the fundamental laws of quantum mechanics [1, 2] . In the last decades, the number of applications based on a MQW structure core has been constantly expanding, and now ranges from photovoltaics and solar energy harvesting [3] [4] [5] to photonics [6] [7] [8] and spin-based optoelectronics [9, 10] . Such a great technological potential exploits the tunability of the MQW design for precisely controlling the wavelength of electromagnetic radiation emitted or absorbed in the transitions between quantized states of the heterostructure. Compared to interband light emitters, unipolar devices based on intersubband (ISB) transitions in the conduction or valence band of the QW, such as quantum cascade lasers (QCLs) [11] and quantum fountains [12] , offer a straightforward route to access the THz frequency domain and to extend the range of viable light-emitting materials to non-direct bandgap semiconductors [13, 14] . As a matter of fact, since, in these unipolar devices, the radiative decay rate does not depend on electron-hole recombination, efficient light emitters can be envisaged with group-IV materials, such as Ge, SiGe alloys [14] [15] [16] and GeSn [17, 18] , which can be monolithically grown on silicon wafers and, thus, integrated in the complementary metal-oxide-semiconductor (CMOS) platform. Electrically pumped QCLs and optically pumped quantum fountains realized in the SiGe material system also benefit from the absence of polar longitudinal optical phonons inducing the long-range polarization field (Fröhlich interaction) which strongly couples to charge carriers and limits their non-radiative lifetimes in III-V compounds [7] . Being only mediated by the short-range deformation potential, electron-phonon coupling in non-polar semiconductors is much weaker [19, 20] and, as a consequence, SiGe ISB lasers are expected to have a wider temperature operational range, reaching room temperature for n-type Ge/SiGe QCLs [21] . Also, the emission bandwidth would widen, extending inside the reststrahlen band (5-10 THz) of forbidden light propagation caused, in III-V materials, by strong light absorption by optical phonons in this spectral range [7] . The most promising QCL design for successful lasing operation in the group-IV material platform exploits ISB transitions of electrons in the conduction-band L valleys of Ge-rich heterostructures and features, as a building block, asymmetric-coupled quantum wells (ACQWs) made of Ge layers of different thicknesses and coupled through Si(1-x)Gex barriers, typically with a Ge content x=0.77  0.85 [22, 23] . This ACQW system inherently presents some of the main challenges for a future QCL development in the SiGe system [21] , such as (i) achieving high structural and interface quality in strain-compensated Ge-rich heterostructures despite their large lattice mismatch with the Si substrate; (ii) control of the concentration profile of n-type dopant P atoms during the epitaxial growth and quantification of the profile broadening due to surface segregation of donors; (iii) designing of the energy of ISB transitions and engineering of electron wavefunctions with the desired degree of delocalization. As a necessary milestone on the way towards a SiGe based QCL, we investigate in this paper n-doped Ge/Si0.20Ge0.80 ACQWs grown by chemical vapor deposition (CVD), combining structural analysis techniques with THz spectroscopy as a probe of interwell coupling and level broadening due to interface roughness and ionized impurity scatterings. By modulating the heterostructure design (i.e. tunnel barrier thickness and relative width of the two QWs), we explore a wide range of ISB energies (different alignment of quantum-confined levels) and spatial distribution of the wavefunctions corresponding to excited confined states, obtaining a consistent match of the experimental data to numerical calculations performed through a multivalley effective mass model based on a Schrödinger-Poisson solver. This systematic study allows us to accurately determine material parameters for the SiGe system, such as ISB line broadenings and L-point conduction-band offsets, which are mandatory to establish a reliable simulation platform for QCL optimization.
Materials and Methods
Strain-compensated MQW heterostructures are grown by ultra-high vacuum CVD at 500 °C using ultrapure germane and silane without carrier gases. The reacting gas pressure is 1.2 mTorr, at which, the typical growth rate is 6.5 nm/min for Ge and 4.5 nm/min for a Si0.20Ge0.80 alloy. The sample design (sketched in Fig. 3c ) features a wide and a narrow Ge well of thickness wL and wt, respectively. The wells are separated by a SiGe tunnel barrier of thickness bt and Ge composition xGe. Among different samples, wt= 5.0 nm is kept constant, wL is varied between 11.3 and 16.0 nm and bt ranges between 2.3 and 5 nm. xGe has been set to 0.81 or 0.87, with the higher Ge composition describing the more pronounced SiGe intermixing for bt< 3 nm [21] . The wide well is n-doped by phosphine codeposition over a thickness t= 10 nm. In the samples, the module, composed by the two Ge wells and the SiGe barrier separating them, has been repeated 20 times with 21 nm-thick Si0.20Ge0.80 spacers between the individual modules. Specific information on individual samples can be found in Table  1 . The MQW stack is deposited on a relaxed Si0.15Ge0.85 alloy buffer with a thickness of 1.2 μm. In such high Ge content regime, low threading dislocation density (TDD~ 1x10 7 cm -2 ) is obtained through a reverse step-graded virtual substrate (RG-VS) [24] . In this approach, first, a plastically relaxed 700 nm-thick Ge buffer is directly deposited on the Si(001) substrate and then, on top of it, two SiGe layers are deposited, each being 150 nm thick and with a Ge content, respectively of 0.95 and 0.90 (See schematics in Fig. 1a ). Structural characterization of the samples is performed by scanning transmission electron microscopy (STEM) using a FEI Titan microscope, operated at 200 kV and equipped with aberration-corrected magnetic lenses for obtaining electron probes of the order of 1-2 Å diameter with a beam currents of 200 pA. CEOS CESCOR corrector was used to yield a resolution of 0.8 Å. The images were recorded using a high-angle annular dark field (HAADF) detector. The sample preparation for STEM was done in a dual-channel focused-ion-beam (Dual-FIB) microscope, using the standard lamella lift-out technique. STEM measurements are coupled to high-resolution Xray diffraction (XRD) analysis performed at room temperature with a Rigaku SmartLab tool with a rotating anode and line-focus geometry featuring a Ge(400)x2 channel-cut beam collimator and a Ge(220)x2 analyzer crystal. The typical broadening of spatial donor profiles due to segregation and diffusion of P atoms in our growth conditions is measured on calibration samples using dynamic secondary ion mass spectrometry (D-SIMS) on a CAMECA IMS Wf Tool, with oxygen at 400 eV impact energy in positive mode, monitoring the 31P+ signal. ISB absorption spectra have been measured at T= 10 K by means of Fourier-Transform infrared (FTIR) spectroscopy in a sideilluminated single-pass waveguide configuration with a Bruker Vertex 70v equipped with a He-flow cryostat. The lateral facets of our 2.5 mm long samples are cut at a 70° angle with respect to the growth plane and the top surface close to the MQWs is coated with a metal bilayer (Ti/Au 10 nm/ 80 nm) [25] , in order to make the electric field of the radiation propagating through the MQWs almost parallel to the ISB dipole moment (i.e. TM polarized) [26] . The measured quantity is the dichroic transmission spectra T(ω)=TTM(ω)/ TTE(ω), which ensures that polarization independent spectral features not related to ISB transitions (e.g. the dopant absorption in the Si wafer) are suppressed. From T(ω), we evaluate the dimensionless absorption coefficient 2D() and the sheet carrier density as in Ref. [27] . In the simulations, electron states and ISB absorption spectra have been calculated self-consistently in a Schrödinger-Poisson iterative scheme with parabolic subband dispersion [27] , in which depolarization shift effects, i.e. the blueshift of absorption peaks due to the screening of the radiation field by the collective plasma mode [25] , are included. Table 1 . ACQW design. bt is the thickness of the tunnel barrier and xGe its composition. wL is the thickness of the wide well which is n-doped, except for sample 2223. For all the samples, the thin well is 5 nm-thick, the ACQW module is repeated 20 times and the Si0.20Ge0.80 spacer thickness between the modules is 21 nm. The MQW periodicity D SL is measured from the spacing of the superlattice fringes in XRD rocking curves. Values in brackets are the nominal periodicities. The sheet carrier density n2D is obtained from the FTIR optical absorption spectra α2D(ω). Figure 1 shows a full STEM characterization of a typical ACQW sample, probed at different length scales and depths along the VS and the overgrown MQW stack. Taking as a reference the sample structure sketched in Fig. 1a , we fully characterize the grown stack, obtaining a highresolution imaging of the active region composed by the 20 repeating ACQW modules ( Fig. 1b-d) , as well as probing the RG-VS and the Ge buffer layer (Fig. 1e ) to characterize plastic relaxation at the bottom of the of 1.2 μm-thick Si0.15Ge0.85 alloy buffer. The images displayed in panels c and d show a zoom-up of the well/spacer (Ge/Si0.20Ge0.80) and the well/tunnel barrier (Ge/Si0.13Ge0.87) heterointerfaces where atomic-resolved features are evident. Between the thick Si0.15Ge0.85 alloy and the Ge buffer in Fig. 1e , we clearly observe three interfaces corresponding to the 5%-steps in the Ge concentration decreasing from pure Ge to Si0.15Ge0.85. The STEM contrast is due to the misfit dislocations that pile up at each interface. Threading dislocation segments are only present in the relaxed Ge buffer and in the lower RG layers, whereas no threading dislocation are observed in the top Si0.15Ge0.85 alloy buffer. The absence of threading segments within the field of view of the image is consistent with the TDD count reported in the methods and makes visually clear the "filtering" effect produced by the heterointerfaces which hinder the propagation upward of threading dislocations [25] . At the origin, there is the effective gliding force due to the compositional change at the interface which drives the change of the character of dislocations from threading to misfit, as threading segments bend on the interface plane [28, 29] . Focusing on the quality of the MQW stack, large-scale STEM images (an example is reported in Fig. 1b ) demonstrate the remarkably high reproducibility in the deposition process, resulting in a homogeneous periodicity along the growth direction. At high magnifications ( Fig. 1c,d) , STEM shows sharp and abrupt interfaces, with a broadening due to SiGe intermixing in the order of 0.8 nm [21] . The quality of the heterointerfaces is confirmed by the low value of the rootmean-square interface roughness which was estimated to be 0.18 nm by atomic probe tomography measurements performed on the same set of samples [30] . The thickness of wells and barriers reported in Table 1 was measured by energy-dispersive x-ray spectroscopy (EDX), while the periodicity of the MQW stack D SL was obtained by XRD. The latter provides the perfect tool for evaluating the structural quality and homogeneity at a length-scale of a few millimeters (i.e. the typical size of the x-ray beam), thus giving access to a spatial probe complementary to STEM. Figure 2a shows a typical rocking curve, around the (004) Ge and (004) Si Bragg peaks, obtained on our ACQWs. As an exemplificative example, we report data for sample 2223. Together with the reflections due to the Ge buffer and the Si substrate, we observe the peak corresponding to the Si0.15Ge0.85 alloy buffer which is the thicker layer in the RG-VS. In addition, multiple orders of superlattice (SL) satellites emerge. Their high quality-factor confirms the high crystalline quality and sharpness of the MQW layers. A statistical analysis performed on the data reported in Table 1 for the entire set of samples reveals that the superlattice periodicity D SL matches the nominal values within 2.4% on average, with the maximum deviation, observed for the highest doping concentration (n2D= 9x 10 11 cm -2 ), remaining below 3.6%. Information extracted from the rocking curve are paralleled by the reciprocal space map (RSM) around asymmetric (224) reflections shown in Fig. 2b for the same sample. From the map, we obtain a clear picture of the strain conditions in the Ge and SiGe layers. By taking as a reference the dashed diagonal line, which corresponds to fully relaxed SiGe alloys, it is visually clear that both the Ge and the Si0.15Ge0.85 spots do not lie on this line, being, therefore, tensile strained in the growth plane with ε//= 0.16% and 0.19%, respectively. Therefore, despite being plastically relaxed, the RG-VS is not fully relaxed due to the contribution of thermal strain, unavoidably arising from the difference in the thermal expansion coefficients of Si and Ge, and which builds up upon cooling down the samples to room temperature after the growth [31] . In addition, we note the perfect vertical alignment of all the SL fringes with respect to the Si0.15Ge0.85 buffer, indicating that the entire MQW stack is coherent with the in-plane lattice parameter of the underlying VS. We now focus on the SIMS calibration of the N3D donor density in Ge films obtained by phosphine co-doping and its correlation to the actual carrier density n2D measured by FTIR. To this end, we grew a set of Ge/SiGe MQWs (20 periods) where the PH3 partial pressure pPH3 was varied within a wide range of values. To be meaningful for PH3-GeH4 co-depositions, such values of pressure need to be normalized to the GeH4 flux ϕGeH4, defining a reference parameter PPH3= pPH3/ ϕGeH4 in units of mTorr/sccm. This quantity is related to the measured N3D in Fig. 3a (red dots) , showing that n-type doping of Ge is doable till the high 10 19 cm -3 range where we observe a plateau in the donor density. Note that SIMS detection of N3D< 2x10 17 cm -3 are particularly challenging in the SiGe system due to crosstalk of the 31P+ signal with hydrogenated Si species and, thus, data are sparser in this range. On the samples with a doping range measurable by FTIR and relevant for optically active MQW stacks, we compared donor detection by SIMS to the estimation of n2D/t (blue squares) where the sheet carrier density is obtained from optical absorption measurements. We find a good match between the two datasets, with the doping density estimated by FTIR being only slightly lower than the SIMS values. This indicates that carriers resulting from donor ionization effectively populate the confined ground state at the L point in the well. Or, in other words, the density of defects in our samples is low enough not to evidence, at the doping densities explored, a mismatch due to the compensation of the p-type background arising from electrically charged defects (i.e. dislocations). A realistic modelling of ISB optical absorption demands to accurately input not only the absolute value of the doping density but also how the donors are spatially distributed along the growth direction. This is obtained through a spatially resolved mapping of the dopant P atoms by SIMS on calibration samples (Fig. 3b ). Following the direction of the growth (black arrow in Fig. 3b ), at the interfaces between the doped/undoped regions, we observed a leading edge-out diffusion of the donors with an exponentially decaying tail of 20 nm/decade (violet tail in Fig. 3c ). Diffusion in the trailing edge of the reversed undoped/doped interface (green tail) is narrower (10 nm/decade), suggesting that the segregation of dopants occurring simultaneously as the growth proceeds is dominant over dopant diffusion at later stages of the growth. The obtained doping profile is schematically superimposed to the ACQW design in Fig. 3c , showing that, even in the growth configuration where the doped well is grown at the end of the repeated module, a non-negligible density of donors is found inside the tunnel barrier layer. This significantly affects the energy position of the subband minima and, therefore, the optical absorption spectra discussed in the following.
Results

Structural characterization
Optical absorption measurements
From the experimental absorption coefficient 2D() (shown in Fig. 4a-d) , we can extract both the linewidth and the energy position of ISB transitions for different design parameters. The corresponding theoretical spectra, calculated by the Schrödinger-Poisson solver, are reported in panels e-h. Focus first on samples 2218 and 2219 (Figs. 4a,b and 4e,f): The two samples share the same geometrical parameters, but their doping concentrations differ by almost one order of magnitude (see Table 1 ). As detailed in the following, their common design (wL 11.5 nm, bt= 2.3 nm) targets a significant interwell coupling and, as a result, the absorption spectra of both the samples at T= 10 K clearly show two absorption resonances, centered at 01 abs E and 02 abs E , with similar oscillator strengths.
These resonances correspond to transitions from the ground-(E0) to the first-excited (E1) and the second-excited (E2) subbands of the ACQW system, respectively. Reminding that in symmetric systems a single ISB absorption peak is visible at low temperature, the appearance of both the resonances in 2218 and 2219 demonstrates instead a significant overlapping of the envelope wavefunctions of the two wells. This is confirmed by the simulations, which match very well the experimental spectra in terms of energy and spectral weight of the two resonances. In particular, we note that the energy position of the absorption resonances in 2218 is significantly blue shifted with respect to those in 2219, due to the higher depolarization shift effect resulting from the heavier doping concentration of 2218 (n2D= 7.8x10 11 cm -2 , instead of 0.9x10 11 cm -2 measured on 2219). In addition, figure 4i shows that the doping concentration has a markedly pronounced impact on both the Γ1 and Γ2 absorption linewidths, evaluated, from a Lorentzian fit to the data, as the half-width at halfmaximum (HWHM) values of the absorption peaks at 01 abs E and 02 abs E , respectively. Data represented as hexagonal markers correspond to a set of heavily doped samples (n2D> 7x10 11 cm -2 ) with increasing wL at constant tunnel barrier thickness bt= 2.3 nm. For wL 11.5 nm, the lighter doped sample 2219 shows significantly smaller absorption linewidths, see square markers in Fig. 4i . We suggest that the observed narrowing of linewidths is driven by the lower impact of ionized-impurity scattering when the doping level is reduced from 7 to 0.9 x10 11 cm -2 [32] . By further analyzing Fig. 4i , we note a strong reduction of Γ2 when wL is increased. Its origin can be traced back to the peculiar shape of the envelope wavefunctions of the excited states and it will be discussed in the following section. We now correlate the geometrical parameters of the ACQW design to the features observed in ISB optical absorption spectra. The coupling of the excited electronic states of the two wells, which has a direct impact on the spectral features, is tunable by changing either the thickness of the tunnel barrier or the relative width of the two wells. In Fig. 4 , both the approaches are presented with exemplificative experimental absorption spectra compared to their numerical counterparts. The effect of increasing the thickness of the tunnel barrier is clear when comparing the results obtained on samples 2218 and 2224 and shown in Figs. 4(a) and 4(c), respectively. These two samples have a similar well width while bt changes from 2.3 nm (Sample 2218) to 5.0 nm (sample 2224). Hence, the E1 envelope wavefunction in 2224 is strongly localized inside the thin well with a negligible penetration into the wide well, as shown by the calculated squared envelope wavefunctions in Fig.  4m . The spatial overlapping of E0 and E1 is therefore vanishing and a single absorption resonance is observed in both the experimental and calculated spectra of 2224, since the 0→1 oscillator strength is negligible. Sample 2267 provides, instead, an exemplificative case of wavefunction engineering by tuning wL. The related absorption experiments and simulations are shown in Figs. 4d,h. With respect to samples 2218 and 2219 where wL 11.5 nm, here, the wide well width is increased to 16.0 nm, while the tunnel barrier thickness is kept constant at bt= 2.3 nm. By comparing the calculated squared wavefunctions of 2267 ( Fig. 4n ) to those obtained for 2219 in Fig. 4l , we note that their shapes for the excited states differ significantly, in particular for E2. As demonstrated by the simulation of the optical absorption coefficient α2D(ω) of 2267 displayed in Fig. 4h , the modified symmetry of the envelope wavefunctions drives a sizeable change in the spectral weights of the two ISB resonances, with the contribution centered at 02 abs E being markedly lower than in 2218 and 2219. More insights on such strong link between geometry and electronic/optical properties of ACQW systems can be gained by analyzing in detail the results of the numerical model in the next section.
Discussion
The blue (red) solid curve in Fig. 5 shows the calculated ISB transition energy E01= E1 -E0 (E02= E2 -E0) between the fundamental and the first-(second-) excited electron state of the ACQW system as a function of wL at a fixed bt= 2.3 nm and n2D= 7. . In the simulations, the sheet carrier density is n2D= 7x10 11 cm -2 . The hexagonal (square) empty markers represent the experimental resonance energies obtained from FTIR spectra for samples with n2D> 7x 10 11 cm -2 (n2D= 0.9x 10 11 cm -2 ). In the inset, the calculated oscillator strength f01 (f02) for the 0->1 (0->2) transition is displayed as a function of wL for the same design parameters as in the main panel.
From the results of the calculations, we also note that the minimum separation between E01 and E02 is predicted to be around wL =14 nm which is the anticrossing point where E1= E2, in the limit of non-interacting wells (i.e. large tunneling barrier). The opening of a gap at the anticrossing reflects the hybridization between the states which, in the limit of uncoupled wells, represent the ground state in the narrow well and the first-excited state in the wide well. From the inset of Fig. 5 , where we show the oscillator strength calculated for the 0->1 (0->2) ISB transition as a function of wL, the degree of state hybridization is evidently higher for wL< 12 nm. In this range, in fact, the two ISB transitions feature comparable oscillator strengths. By looking back at the spectroscopy data of Fig. 4 , this explains the similar spectral weights of the optical resonances for designs with bt= 2.3 nm and wL 11.5 nm, see panels (a and b). The significant state hybridization present in this configuration is visualized in the envelope wavefunctions shown in Fig. 4l . From the same panel, we also note that, in the narrow well, the highest amplitude of the envelope wavefunctions is associated to E1. Conversely, if we design the system with a wL value higher than the anticrossing condition as in 2267, where wL= 16.0 nm and bt is still fixed at 2.3 nm, we observe, instead, that the maximum amplitude inside the narrow well corresponds to the envelope wavefunction associated to E2 (Fig. 4n ). This can be explained considering that, for wL being lower (higher) than the anticrossing value (wL 14 nm), E1 (E2) represents the ground state of the narrow well in the limit of uncoupled wells [33] . As a consequence, when wL is increased, the E2 amplitude in the wide well lowers significantly. Since the wide well is doped and, as shown in the previous section, doping has a strong impact on the linewidths of the ISB absorption resonances, the change in the amplitude of the E2 envelope wavefunction with wL may explain the strong reduction of the Γ2 absorption linewidth when wL gets larger, observed in Fig. 4i . In addition, we note that, for wL 11.5 nm, the amplitude at the tunnel barrier interface of the E2 envelope wavefunction is lower than that corresponding to the E1 state, as shown in Fig. 4l . This is due to the fact that E2 is the antibonding state forming as a result of the interwell interaction. Thus, the impact of the interface roughness scattering on the broadening of Γ2 is expected to be lower with respect to Γ1, well matching the behavior observed in Fig. 4i .
Conclusions
By combining THz spectroscopy with numerical calculations of the optical ISB absorption, we performed a detailed investigation of the dependence of quantum-confined electron states and ISB absorption resonances on the design of n-type Ge/SiGe ACQWs. The spectroscopic investigation was paralleled with an in-depth structural characterization obtained by merging STEM, XRD, and SIMS which showed excellent material quality and growth reproducibility.
Through a synergistic use of theory and experiment, we demonstrated an effective tuneability by design of the energy of ISB transitions as well as of the spatial overlap of the excited electronic wavefunctions. By varying the thickness of the tunneling barrier or the relative widths of the two coupled Ge wells, we extract a rich ensemble of information from optical experiments, such as the absorption-peak linewidths and their dependence of the ACQW design and doping concentration. The very good agreement between experiment and numerical calculations of the optical ISB absorptions highlights the accurate estimation of the L-point conduction-band offsets in the SiGe material system, for which we find a discontinuity of 117 meV for xGe = 0.81 and of 80 meV for xGe = 0.87, a range potentially suitable for operation of a silicon-based THz QCL.
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